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Abstract Let K be any field and G be a finite group. Let G act on the rational 
function field K{xg : (7 G G) by i^T-automorphisms defined hy g ■ Xh = Xgh for any 
g, h E G. Noether's problem asks whether the fixed field K{G) = K{xg : g E G)'^ 
is rational (=purely transcendental) over K. We will prove that if G is a non- 
abelian p-group of order containing a cyclic subgroup of index p and K is any 
field containing a primitive p^~^-lh. root of unity, then K{G) is rational over K. As 
a corollary, if G is a non-abelian p-group of order and i^T is a field containing a 
primitive p-th. root of unity, then K[G) is rational. 
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§1. Introduction 

Let K be any field and G be a finite group. Let G act on the rational function 
field K{xg : g & G) by i^- automorphisms such that g ■ Xh = Xgh for any g, h E G. 
Denote by K{G) the fixed field K{xg : g G G)'^. Noether's problem asks whether 
K{G) is rational (=purely transcendental) over K. Noether's problem for abelian 
groups was studied by Swan, Voskresenskii, Endo, Miyata and Lenstra, etc. See the 
survey article [Sw] for more details. Consequently we will restrict our attention to 
the non-ableian case in this article. 

First we will recall several results of Noether's problem for non-abelian p- 
groups. 

Theorem 1.1. (Chu and Kang [CK, Theorem 1.6]) Let G he a non-abelian p- group 

of order < p^ and exponent p^ . Assume that K is any field such that either (i) char 
K = p > 0, or (ii) char K ^ p and K contains a primitive p'^-th root of unity. 
Then K{G) is rational over K . 

Theorem 1.2. ([Ka2, Theorem 1.5]) Let G he a non-ahelian metacy die p- group of 
exponent p^ . Assume that K is any field such that either (i) char K = p > 0, or (ii) 
char K p and K contains a primitive p^-th root of unity. The K{G) is rational 
over K. 

Theorem 1.3. (Saltman [Sal]) Let K he any field with char K ^ p [in particular, 
K may he any algebraically closed field with char K ^ p ). There exists a non- 
ahelian p-group G of order p^ such that K{G) is not rational over K. 

Theorem 1.4. (Bogomolov [Bo]) There exists a non-ahelian p-group G of order p^ 

such that C(G) is not rational over C. 

All the above theorems deal with fields K containing enough roots of unity. 
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For a field K which doesn't have enough roots of unity, so far as we know, the only 
two known cases are the following Theorem 1.5 and Theorem 1.6. 

Theorem 1.5. (Saltman [Sa2, Theorem 1]) LetG be a non-ahelian p- group of order 
p^ . Assume that K is any field such that either (i) char K = p > or (ii) char 
K ^ p and K contains a primitive p-th root of unity. Then K{G) is stably rational 
over K. 

Theorem 1.6. (Chu, Hu and Kang [CHK; Kal]) Let K he any field. Suppose that 
G is a non-ahelian group of order 8 or 16. Then K{G) is rational over K except 
when G = Q, the generalized quaternion group of order 16 {see Theorem 1.9 for its 
definition ). When G = Q and K{() is cyclic over K where C, is an primitive 8-th 
root of unity, then K[G) is also rational over K . 

We will remark that, if G = Q is the generalized quaternion group of order 
16, then Q{G) is not rational over Q by a theorem of Serre [GMS, Theorem 34.7, 
p. 92]. The main result of this article is the following. 

Theorem 1.7. Let G he a non-ahelian p-group of order p^ such that G contains 
a cyclic subgroup of index p. Assume that K is any field such that either (i) char 
K = p > or (ii) char K ^ p and [K{() : K] = 1 or p where ( is a primitive 
p'^~^-th root of unity. Then K{G) is rational over K. 

As a corollary of Theorem 1.1 and Theorem 1.7, we have 

Theorem 1.8. Let G he a non-ableian p-group of order p^ . Assume that K is any 
field such that either (i) char K = p > or (ii) char K ^ p and K contains a 
primitive p-th root of unity. Then K{G) is rational over K . 

Noether's problem is studied for the inverse Galois problem and the construc- 
tion of a generic Galois G-extension over K. See [DM] for details. 
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We will describe the main ideas of the proof of Theorem 1.7 and Theorem 
1.8. All the p-groups containing cyclic subgroups of index p are classified by the 
following theorem. 

Theorem 1.9. ([Su, p. 107]) Let G be a non-ableian p- group of order p^ containing 
a cyclic subgroup of index p. 

(i) If p is an odd prime number, then G is isomorphic to M{p"'); and 
(u) Ifp = 2, then G is isomorphic to M(2"), D{2''-^), SD{2'^-^) where n>A, 
and Q(2") where n > 3 

such that 

Mip"") =<a,T: aP^~' = = 1, r'^ar = a^+f""' >, 
D(2--i) =<a,T: a^"" = = 1, Vr = a'^ >, 
SD{2^-') ^<a,T: a^""' = = 1, r'^ar = ^-1+2-' >, 
Q(2-) =< a, T : a^""' = = 1, a^""' = r^, r" Vr = > . 

The groups M(p"), D{2''-^), SD{2''-'^), Q(2") are called the modular group, 
the dihedral group, the quasi-dihedral group and the generalized quaternion group 
respectively. 

Thus we will concentrate on the rationality of K{G) for G = M{p'^), D{2'^-'^), 
SD{2'^-^), Q(2'^) with the assumption that [K{Q : K] = \ or p where G is a 
group of exponent p^ and C is a primitive p'^-th root of unity. If C G then 
Theorem 1.7 follows from Theorem 1.2. Hence we may assume that [K{C,) : K] = 
p. If p is an odd prime number, the condition on [K{() : K] implies that K 
contains a primitive p^~^-th root of unity. If p = 2, the condition [K{Q : K] — 2 
implies that A(C) = — C; iC"^ where A is a generator of the Galois group of K{Q 
over K. (The case A(C) = — C is equivalent to that the primitive 2^~^-th. root of 
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unity belongs to K.) In case K contains a primitive p'^~^-th root of unity, we 
construct a faithful representation G — > GL{V) such that dim V — and K{V) 
is rational over K. For the remaining cases i.e. p = 2, we will add the root C to 
the ground field K and show that K{G) = K{Q{G)^'^-^ is rational over K. In the 
case p — 2 we will construct various faithful representations according to the group 
G = M(2"), i:»(2"-i), SD(2'^-^), g(2") and the possible image A(C) because it 
seems that a straightforward imitation of the case for K containing a primitive 
|)^~^-th root of unity doesn't work. 

We organize this article as follows. Section 2 contains some preliminaries 
which will be used subsequently. In Section 3, we first prove Theorem 1.7 for the 
case when K contains a primitive p^~^-th root of unity. This result will be applied 
to prove Theorem 1.8. In Section 4 we continue to complete the proof of Theorem 
1.7. The case when char K = p > will be taken care by the following theorem 
due to Kuniyoshi. 

Theorem 1.10. (Kuniyoshi [CK, Theorem 1.7]) // char K — p > and G is a 
finite p-group, then K{G) is rational over K . 

Standing Notations. The exponent of a finite group, denoted by exp(G), is 
defined as exp(G) = max{ord(5r) : g & G} where ord(5r) is the order of the element 
g. Recall the definitions of modular groups, dihedral groups, quasi-dihedral groups 
and generalized quaternian groups which are defined in Theorem 1.9. If K is a field 
with char K = or char K \ m, then (rn denotes a primitive m-th root of unity in 
some extension field of K. If L is any field and we write L{x,y), L{x,y,z) without 
any explanation, we mean that these fields L{x,y), L{x,y,z) are rational function 
fields over K. 
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§2. Generalities 

We list several results which will be used in the sequel. 

Theorem 2.1. ([CK, Theorem 4.1]) Let G he a finite group acting on L(xi, • ■ ■ , Xm), 
the rational function field of m variables over a field L such that 

(i) for any a & G, clL) C L; 

(ii) the restriction of the action of G to L is faithful; 

(iii) for any a & G, 



+ Bia) 



where A{a) e GLm{L) and B{a) is an m x 1 matrix over L. Then there exist 
zi,--- ,Zm & L{xi,--- ,Xm) SO that L{xi--- ,Xm) = L{zi,--- ,Zm) with a{Zi) = Zi 
for any a & G, any 1 < i < m. 

Theorem 2.2. ([AHK, Theorem 3.1]) Let G be a finite group acting on L{x), 
the rational function field of one variable over a field L. Assume that, for any 
a & G, cr(L) C L and cr(a;) = a^x + b^ for any a^, b^ & L with ^ 0. Then 
L{x)^ = L^{z) fr some z e L[x]. 

Theorem 2.3. ([CHK, Theorem 2.3]) Let K be any field, K{x,y) the rational 
function field of two variables over K , anda, b e i^\{0}. If a is a K -automorphism 

on K{x,y) defined by a{x) — a/x, a{y) =b/y, then K{x,y)'^'^'^ = K{u,v) where 

b 

X — y-- 
u = — ^ - ^ 



ab ab 

xy xy 

xy xy 

Moreover, x + (a/x) = {—bu^ + av"^ + l)/f, y + (b/y) — {bu^ — av"^ + l)/u, 
xy + (ab/ {xy)) = {—bu^ — av"^ + l)/{uv). 
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Lemma 2.4. Let K he any field whose prime field is denoted by F. Let m > 3 be 

an integer. Assume that char ¥ 2, [K{(^2^) : K] = 2 and X{C2"^) = C2^ii"^sp. 
A(C2'") = — C2^) where X is the non-trivial K- automorphism on K((^2"')- Then 
K{C2^) = K{Ca) andK{^¥{CA) = F. 

Proof. Since m > 3, it follows that A(C4) = C^"*^ no matter whether X(C2^) = or 
-C2"i. Hence A(C4) ^ C4- It follows that (4 e i^(C2-) \ K. Thus K(C2-) = K{C4)- 
In particular, (4 ^ F. Since [i^(C4) : K] = 2 and [F(C4) : F] = 2, it follows that 
Kn^(C4)=F. □ 

§3. Proof of Theorem 1.8 

Because of Theorem 1.10 we will assume that char K ^ p ioi any field K 
considered in this section. 

Theorem 3.1. Letp be any prime number, G = M(p'^) the modular group of order 

where n > 3 and K be any field containing a primitive p^~'^-th root of unity. 
Then K{G) is rational over K. 

Proof. Let ^ be a primitive p^~^-ih root of unity in K. 
Step 1. 

Let 0ggc! ^ ' ^(9) ^® representation space of the regular representation 

of G. 

Define 

0<i<p"-2-l 

Then a"^(f ) = and t{v) = v. 

Define Xi = cr*v for < z < p — 1. We note that a : xq ^ xi ^ ■ • • ^ a^p-i ^ 
^xq and T : Xi t-^ V~^Xi where 77 = ^ . 
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Applying Theorem 2.1 we find that, if K{xo, xi, • • • , Xp-i)'-^ is rational over 
K, then K(G) = K(x{g) : g e G)'^ is also rational over K. 
Step 2. 

Define yi ~ Xi/xi-i for 1 < i < p — 1. Then K{xo, xi, ■ ■ ■ , Xp-i) — K{xo, yi, 
■ ■ ■ ,yp-i) and a : xq ^ yiXo,yi ^ y^ ■ ■ ■ yp_i i-^ ^/(yi • --yp-i), r : xq ^ xq, 
Vi ^ 'n~^yi- By Theorem 2.2, if K{yi, • • • , yp-i)^ is rational over K, so is K{xo, j/i, 
• • • ,yp-i)^ over K. 

Define = yi/yi-i for 2 < i < p - 1. Then • • • , yp-i) = K{yi,U2, ■■• , 

Up-i) and a : yi ^ yiU2, U2 ^ U3 ^ ■ ■ ■ ^ ttp_i 1-^ ^/(yi2/2 • • • 2/p-22/p_i) = C/ 
■ ■ ■•Up_i), r : 2/1 r/"^yi,Ui -u^ for 2 < i < p - 1. Thus -/^(yi, 
M2, • • • , Wp-i)^''^ = ii'lyi, W2, • • • , Wp-i)- 

Define ui = ^~^yi- Then cr : tti 1— > U1U2, tt2 1— > tts 1— > • • • 1— > l/('Ui'U2~^ " ' " '^p-i) 

p-2 p-3 2 
H- >■ W3 • • • Wp_2Up-l I— > ^2. 

Define = U2, Wi = cr*~^('U2) for 2 < z < p — 1. Then K{ui,U2, • • • , ttp-i) = 
K{wi, W2,-- - , Wp-i). It follows that K{yi, ■■■ , yp-i)'^ = {K{yi, ■■■ , yp_i)<^>}<'"- 
= K{wi, W2, • • • , Wp-i)^'^^ and a : wi ^ W2 ^ ■ ■ ■ ^ Wp-i ^ ^/{'Wi'W2 ■ ■ ■ Wp-i)- 

Step 3. 

Define Tq = I + W1+W1W2 H \-w1W2 ■ • -Wp-i, Ti = (I/Tq) - T^+i = 

{wiW2---Wi/To)-{l/p)iovl<i<p-l. Thus , Wp-i) = i^(Ti, • • • , Tp) 

with Ti + T2 + h Tp = and (7 : Ti ^ T2 ^ ••• ^ Tp_i ^ Tp ^ Tq. 

Define = Ei<j<pV~''Tj for 1 < i < p - 1. Then i^(Ti,T2,--- ,Tp) = 
-f^(si) ^2, • • • , Sp_i) and o" : Sj I— > ry^Sj. Clearly K{si, • • • , Sp_i)^^^ is rational over 
K. □ 

Proof of Theorem 1.8. 

If p > 3, a non-abelian p-group of order is either of exponent p or contains 
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a cyclic subgroup of index p (see [CK, Theorem 2.3]). The rationahty of K{G) of 
the first group foUows from Theorem 1.1 while that of the second group follows 
from the above Theorem 3.1. If p = 2, the rationality of K{G) is a consequence of 
Theorem 1.6. □ 

The method used in the proof of Theorem 3.1 can be applied to other groups, 
e.g. D{2''-^), (3(2"), 5i:>(2"-i). The following results will be used in the proof of 
Theorem 1.7. 

Theorem 3.2. Let G = D{2'^~^) or Q{2'^) with n > 4. If K is a field containing 
a primitive 2'^~^-th root of unity, then K{G) is rational over K . 

Proof. Let ^ be a primitive 2'^~^-th root of unity in K. 

Let 0gg(3 K ■ x{g) be the representation space of the regular representation 

of G. 

Define 

V = Yl r'x{a'% 

0<i<2"-2-l 

Then a^{v) = ^v. 

Define xq = v, xi = a ■ v, X2 = t ■ v, xs = ra ■ v. We find that 

a : xo ^ xi ^xo, X2 ^ C~"^^3, X3 1-^ X2, 

T : xo ^ X2 ^ exo, xi ^ xs ^ exi 
where e = 1 if G = D{2''-^), and e = -1 if G = Q(2"). 

By Theorem 2.1 it suffices to show that K{xq, xi, X2, xs)'^ is rational over K. 

Since o-'^{xi) = ^Xi for i = 0,1, a'^{xi) = ^~^Xj for j = 2,3, it follows 
that K(xo,xi,X2,X3)<'^^> = K{yo,yi,y2,y3) where yo = a;§" \yi = xi/xo,y2 = 
xqX2, ys = X1X3. The action of a and r are given by 

o- : yo ^ yovT ^ yi ^ C/yi, y2 ^ C^ys, ys ^ Cy2, 
r:yo^ yo^vT \ yi^ yi^y2^y3, y2 ^ ys ^ eys- 
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Define 

on — 3 — 4 rjn — 4 -i 

zo = yoyi y2 Vs ,^1 = 2/1,^2 = ^2 ^s, ^3 = 2/2- 

We find that 

a : zo^ -zq, zi ^ \ Z2 ^ i^Z2^, Z3 ^ C^Z2Z3, 

T : ZQt-^ Zq^, Z\ ^ Z^^Z2, Z2 ^ Z2, Z3 1-^ €2:3. 

By Theorem 2.2 it suffices to prove that K{zo, zi, 22)^'^'^^ is rational over K. 
Now we will apply Theorem 2.3 to find K{zo, zi, Z2)^'^^ with a = 1 and b = Z2- 
Define 

a b 

Zq Zi 

^0 _ 



U = ^1— , V 



(ill ab 

zqZi 2:02:1 

ZqZi ZqZi 

By Theorem 2.3 we find that K{zq, zi, 2:2)^"^^ = K{u, v, Z2). The actions of a 
on u, v^Z2 are given by 

a ■.Z2 ^ C^2;2"^ 

a 1 zi 

-Zq + — i{ — ) 

Zq Zi 



^/^]__£0n' Zl Zq 

bzo Zl bzQ Zl 
Define w — u/v. Then a{w) — bw/^ — Z2w/^. 
Note that 



a{u) = 



a a 

Zq _ Zq _ OU 



^^0 ^1 ^1 ^0 



The last equality of the above formula is equivalent to the following identity 



X — 



(1) 



X 



u 



bx 
V 



ay 

X 



bv? 



Ill'- 
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where x, y, u, v, a, b are the same as in Theorem 2.3. A simple way to verify 
Identity (1) goes as follows: The right-hand side of (1) is equal to {y + ih/y) — 
{l/u))~^ by Theorem 2.3. It is not difficult to check that the left-hand side of (1) 
is equal to {y + {h/y) — {l/u))~^. 

Thus (t{u) = hu/{^{hu^ - av"^)) = Z2u/{^{z2V? - v^)) = Z2W^ / {^u{z2W^ - 1)). 

Define T = Z2w'^/^, X = w, Y = u. Then K{u,v,Z2) = K{T,X,Y) and 
a : T ^ T,X ^ A/X, Y ^ B/Y where A = T, B = T/{^T - 1). By Theorem 
2.3 it follows that K{T^ X, is rational over K(T). In particular, it is rational 

over K. □ 

Theorem 3.3. LetG — SD(2'^~^) withn > 4. IfK is afield containing a primitive 
2'^~'^-th root of unity, then K{G) is rational over K. 

Proof. The case n = 4 is a consequence of [CHK, Theorem 3.2]. Thus we may 
assume n > 5 in the following proof. 

The proof is quite similar to that of Theorem 3.2. 

Define v, xq, xi, X2, x^ by the same formulae as in the proof of Theorem 
3.2. Then cr : a;o '-^ a^i ^xq, X2 i— > X3 1— > —0:25 t : xq ^ X2 ^ xq, 

Xi ^ Xs ^ Xi. 

Define yo = Xq" \ yi = xi/xq, 1/2 = xqX2, and 2/3 = x^xy,. Then K{xq,xx, 

2 

X2,xz)<'' > = K{yo,yi,y2,y3) and 

cr --yo^ yoyT \ yi^ ^/yi, y2 ^ -C^ys, 2/3 ^ -^2/2, 
r:yo^ yo^yf \ yi^ yi^y2^y3, 2/2 ^ y2, ya ^ ya- 

Note that the actions of a and r are the same as those in the proof of Theorem 
3.2 except for the coefficients. 

Thus we may define zq, zi, Z2, Z3 by the same formulae as in the proof of 
Theorem 3.2. 
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Using the assumption that n > 5, we find 

a : Zq^ -Zq, Zi 1-^ C-^r^) -^2 ^ ^^Z2^,Z3 1-^ -^~^Z2Z3, 

T : zq^ ^o"\ Zi ^ z:[^Z2, Z2 i-^ Z2, z^ ^ zj,. 

By Theorem 2.2 it suffices to prove that K{zq^ zi, Z2)^'^''^^ is rational over K. 
But the actions of a, t on zq, zi, Z2 are completely the same as those in the proof 
of Theorem 3.2. Hence the result. □ 

§4. Proof of Theorem 1.7 

We will complete the proof of Theorem 1.7 in this section. 

Let C be a primitive p"~-'^-th root of unity. li ( E K, then Theorem 1.7 is a 
consequence of Theorem 1.2. Thus we may assume that [K{Q : K] — p from now 
on. Let Gel{K{()/K) =< A > and X{Q = for some integer a. 

If p > 3, it is easy to see that a = 1 {mod p'^~^) and e K. By Theorem 1.9 
the p-group G is isomorphic to Mip"^). Apply Theorem 3.1. We are done. 

Now we consider the case p = 2. 

By Theorem 1.9 G is isomorphic to M(2'^), L»(2"-i), 5L>(2"-i) or Q(2"). 
If G is a non-abelian group of order 8, the rationality of K{G) is guaranteed by 
Theorem 1.6. Thus it suffices to consider the case G is a 2-group of order > 16, i.e. 
n > 4. 

Recall that G is generated by two elements a and r such that u^" ^ = 1 and 
T~^aT = where 

(i) A; = -1 if G = 0(2^-^) or g(2"), 

(ii) k=l + 2"-2 if G = M(2"), 

(iii) = -1 + 2^-2 if G = SD{T'-^). 
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As before, let C be a primitive 2"' ■'^-th root of unity and Gei\{K{Q/K) =< A > 
with A(C) = where — 1 (mod 2"~^). It foUows that the only possibilities of a 
(mod 2"-i) are a = -1, ±1 + 2^-^. 

It follows that we have four type of groups and three choices for X{() and 
thus we should deal with 12 situations. Fortunately many situations behaves quite 
similar. And if we abuse the terminology, we may even say that some situations 
are "semi-equivariant" isomorphic (but it may not be equivariant isomorphic in the 
usual sense). Hence they obey the same formulae of changing the variables. After 
every situation is reduced to a final form we may reduce the rationality problem of 
a group of order 2"' (n > 4) to that of a group of order 16. 

Let • x{g) be the representation space of the regular representation 

of G. We will extend the actions of G and A to ®g^Q ^iC) ' ^{9) by requiring 
p(C) = C and Xix{g)) = x{g) for any peG. Note that K{G) = K{x{g) : g e G)^ = 
{K{C){x{g) : g G G)<^>}« = K{C){x{g) : g G G)<G-A>. 

We will find a faithful subspace 0o<i<3 ^iO'^i of 0gGG ^{C)'^{9) such that 
K{(){xo, xi,X2, x^)^'^'^^ (ui, • • • , J/12) is rational over K where each j/j is fixed by G 
and A. By Theorem 2.1, K{C){x{g) : g G G)<^'^> = K{C){xo,xi,X2,X3)<^'^>{Xi, 
• • • , Xn) where N = 2'^ — 4 and each Xi is fixed by G and A. It follows that K{G) 
is rational provided that K{Q{xo, xi, X2, xs)^*^'^-^ {yi, ■ ■ ■ ,1/12) is rational over K. 



Define 



vi= ^ C ^x{a^), V2 



0<J<2"-i-l 

where a is the integer with X{() = 



o<i<2"-i-i 



We find that o" : f 1 1— >• (vi, V2 >■ C"'V2, A : f 1 f 2 i-^ f 1 . 



Define xq = vi, xi = r ■ vi, X2 = V2, X3 = r ■ V2- 



It follows that 
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a :xq^ Cxq, xi ^ C'^xi, X2 ^ Cx2, ^3 1-^ C^x^, 

\ : Xq ^ X2 ^ Xq^ Xi H- >• X3 H- >• Xi, C, I— > C"; 

r : xq ^ xi ^ exQ, X2 ^ x^ ^ 6X2, 

tX : xq >—>■ X3 exo, xi 1— >• ex2, X2 >■ xi, C 
where (i) e = 1 if G 7^ ^(S''), and (ii) e = -1 if G = Q(2"). 
Case 1. k = -1, i.e. G = L>(2"-i) or Q(2'^). 

Throughout the discussion of this case, we will adopt the convention that e = 1 
if G = L»(2"-i), while e = -1 if G = g(2"). 
Subcase 1.1. o = —1, i.e. A(C) = C~^- 

It is easy to find that K((){xo, xi,X2, a^s)^"^^ = K{Q{xq , xoa^i, a;oa;2) 2:1X3). 
Define 

OTi — 1 

yo = Xq , yi = xqXi, y2 = xoX2, ys = X1X3. 
It follows that 

, _1 2"~^ —1 A A— 1 

A : yo ^ % 2/2 , yi^Vi ^2^3, y2 ^ y2, vs^vs, C^C , 

Define 

<-jTt — 2 rjTt — 3 fjn — 3 

^0 = yoyi y2 % > ^1 = ^2^3, ^2 = y2, ^3 = yi- 

We find that 

A : 2:0 1-^ 1/2:0, zit-^zi, Z2^Z2, Z3t-^zi/z3, C'-^C~\ 
T : 2:0 1-^ 1/20, 2:1 1-^ 2:1, 2:21-^21/22, 2:3 1-^ €2:3. 
It turns out the parameter n does not come into play in the actions of A and 

T on Zq, Zi, Z2, Z3. 
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By Theorem 2.1 K{G) = K{C){zo, zi, Z2, Z3)<^'^>{Xi, ■ ■ ■ ,Xn) where N = 
2^-4 and X{Xi) = T{Xi) = Xiiov 1 <i < N. 

By Lemma 2.4 K{C) = ^((4) where A(C4) = Cl^- Thus K(G) = K(C4)izo, zi, 
Z2,zs)<^'->{X^,--- ,Xn) 

Denote ^4 = £> (8) org(16). ThenK(G'4) = K{C4){zo, zi, Z2, Z3)<^'^> {X^, ■ ■ ■ , 
X12). Since K{G4) is rational over K by Theorem 1.6 (see [Kal, Theorem 1.3]), it 
follows that K{(4){zo, • ■ • , 23)<^''^>(Xi, • • • , X12) is rational over K. Thus i^(C4) 
(-20, • • • , -23)<^'^>(^i, • • • , Xn) is rational over K for iV = 2" - 4. The last field is 
nothing but K{G). Done. 

Subcase 1.2. a = -1 + 2^-^, i.e. A(C) = -C"^- 

The actions of o", r, A, tA are given by 

a -.xq^ Cxo, xi ^ C,~^xi, X2 ^ -C~"^a;2, X2, ^ -Ca^s, 

A : a;o I— > a;2 I— > a;o, x\ ^ ^ xi, C, 1— > — C""*^, 

T : Xq ^ Xi ^ exo, X2 1— >■ X3 1— > 6X2, 

tA : a;o 2^3 ^xq^ x\ i— > ea;2, a;2 ^ xi^ C, 1— > — C""*^ 
Define yo = 2:0" \ 2/1 = xqXi, y2 = ^2X3, ^3 = x~^~^" ^3. Then K(C)(a;o, 
• • • , xs)^*^^ = i^(C)(j/05 • • • ) Vs)- Consider the actions of tA and r on i^(^)(j/o, • • • , 
2/3). We find that 

-1 — 1 1 rjTT, — 2 1 

T : 2/0 ^ 2/0 2/1 > 2/1 ^ £2/1, 2/2 ^ £2/2, 2/3 ^ e2/i ^2^3 • 

Define 

1 1 Q 1 _|_0'"'~4 rjTi — 4 o^~4 1 I qU — 3 

^0 = 2/1,^1=^1 y2, ^2 = 2/02/12/2 2/3,^3 = % 2/1 2/2 2/3 

We find 

tA : 1-^ e2;o2;i, 2:1 1-^ 1/2:1, 2:2 1-^ 1/2:2, 2:3 1-^ e2^^22"^23, ( 1-^ -C~\ 
T : 2:0 1-^ €2:0, 2:1 1-^ 2:1, 2:2 1-^ 1/2:2, 2:3 1-^ €2:1/2:3. 
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By Lemma 2.4 we may replace K{Q in K{(){zo, zi, zs)^'^^''^^ by K{(4) 
where tA((^4) = C^^. Then we may proceed as in Subcase 1.1. The details are 
omitted. 

Subcase 1.3. a = 1 + 2"-^, i.e. A(C) = -C- 

Note that ('^ & K and is a primitive 2"^~^-th root of unity. Thus we may 
apply Theorem 3.2. Done 

Case 2. k=l + 2"-^, i.e. G = M{2^). 
Subcase 2.1. a = -1, i.e. A(C) = C"^- 
The actions of a, r, A, tA are given by 

(J :xq^ Qxq, xi ^ -Qxi, X2 ^ C^X2, xz ^ -C^x^, 

\ : Xq ^ X2 ^ Xq^ X\ ^ Xz ^ iCl, C ^ 1 

r : xq ^ xi ^ xo, a;2 I— > a^s I— > X2i 

t\ : Xq ^ Xz ^ Xq^ Xi ^ X2 ^ Xi^ C, ^ C,~^ . 

Define Xq = xq, Xi = X2, X2 = xs, X3 = xi. Then the actions of cr, r, A on 
Xq, Xi, X2, Xs are the same as those of a, rA, r, on xq, xi, X2, x^ in Subcase 1.2 
for D{2''-^) except on C- Thus we may considerK(C)(Xo, Xi, X2, X3)<'^'^'^>(Yi, • • • , 
I12). Hence the same formulae of changing the variables in Subcase 1.2 can be 
copied and the same method can be used to prove that K{Q{Xq, Xi, X2, Xs)^'^''^''^^ 
(Fi, • • • , Y12) is rational over K. 

Subcase 2.2. a = -1 + 2^-^, i.e. A(C) = -C"^- 

The actions of a, r, A, rA are given by 

a -.xq^ Qxq, xi 1-^ -(xi, X2 ^ -C~^X2, X3 1-^ C~^xs, 

A : a;o I— > 3^2 I— > xq, a^i i— > ^3 i— > xi, ( 1— > — C""*^) 

T : Xq ^ Xi ^ Xq, X2 ^ X3 ^ X2, 
tX : Xq X3 Xq, Xi X2 ^ Xi, ^ 1— > — C""*^- 
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Define Xq = xq, Xi = xs, X2 = X2, X^, = xi. Then the actions of u, r, tA 
on Xq, Xi, X2, X3 are the same as those of o", tA, t, on xq, xi, a;2, ^3 in Subcase 
1.2 for i:)(2"-i). Hence the result. 

Subcase 2.3. a = 1 + 2"-^, i.e. A(C) = -C- 

Apply Theorem 3.1. 

Case 3. k=-l + 2^-^, i.e. G = SD{2'^-^). 
Subcase 3.1. a = —1, i.e. A(C) = C""*^- 
The actions of a, r, A, tA are given by 

a : xo^ Cxo, xi ^ -Q~^xi, X2 ^ C~^X2, X3 1-^ -(xs, 

A : a;o I— > ^2 I— > xq, xi i— >• X3 i— >• xi, C 1— > C""*^, 

T : a;o 3^1 ^^O) X2 ^ x^ ^ X2, 

tX : Xq i-^ Xs ^ Xq, Xi i-^ X2 ^ Xi, ( H- >• 

Define Xq = xq, Xi = X2, X2 = xi, X3 = X3. Then the actions of a, tA, A 
on Xq, Xi, X2, X3 are the same as those of a, tA, t, on xq, xi, X2, X3 in Subcase 
1.2 for D{r'-^) except on C- Done. 

Subcase 3.2. a = -1 + 2"-2, i.e. A(C) = -C"^- 

ftfl — 1 1 I r)Tj. — 2 -I -1 

Define yo = Xq , yi = Xq^ xi, y2 = x^ X2, ys = Xq X3. Then 

K{C){xo,xi,X2,xs)<''> = i^(C)(2/o,2/i,2/2,2/3) and 

T-VQ^Vo Vi , yi^Vo Vi , y2 ^ 2/3 ^ y2, 

qTI — 1 1_L0^ — ^ 1 1 1 

rX-.yo^ yoy^ , yi ^ ymVs , 2/2 ^ ^2 : 2/3 ^ 2/3 > C ^ -C • 

Define 2:0 = % Vi 2/2 2/3 , ^1 = 2/i 2/2 2/3 , ^2 = 
2/2, Z3 = 2/2"^2/3- It follows that i^(C)(2/o, 2/i, ^2, ^3) = ^(C)(^o, 2:2, 2:3) and 
T : zq^ I/zq, zi ^ zi/zq, Z2 ^ Z2Zs, Z3 ^ 1/2:3, 

tA : 2:0 1-^ zq, zi ^ Z1Z2Z3, Z2 ^ l/z2,Z3 ^ 1/2:3, C ^ -C~"^- 
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Thus we can establish the rationahty because we may replace K{Q by K{(^4) 
as in Subcase 1.2. 

Subcase 3.3. a = 1 + 2"-^, i.e. A(C) = -C- 
Apply Theorem 3.3. 

Thus we have finished the proof of Theorem 1.7. □ 
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